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We systematically study the preinflationary dynamics of the spatially flat Friedmann-Lemaitre-
Robertson-Walker universe filled with a single scalar field that has the generalized α−attractor
potentials, in the framework of loop quantum cosmology, in which the big bang singularity is re-
placed generically by a non-singular quantum bounce due to purely quantum geometric effects.
The evolution can be divided into two different classes, one is dominated initially (at the quantum
bounce) by the kinetic energy of the scalar field, and one is not. In both cases, we identify numeri-
cally the physically viable initial conditions that lead to not only a slow-roll inflationary phase, but
also enough e-folds to be consistent with observations, and find that the output of such a viable
slow-roll inflationary phase is generic. In addition, we also show that in the case when the evolution
of the universe is dominated initially by the kinetic energy of the scalar field (except for a very
small set in the phase space), the evolution before reheating is aways divided into three different
phases: bouncing, transition and slow-roll inflation. This universal feature does not depend on the
initial conditions of the system nor on the specific potentials of the scalar field, as long as it is
dominated initially by the kinetic energy of the scalar field at the bounce. Moreover, we carry out
phase space analyses for the models under consideration and compare our results with the power-law
and Starobinsky potentials.
I. INTRODUCTION
In the early 1980’s, the cosmic inflation stood out as
a popular paradigm for resolving various problems in
the standard model of cosmology, such as the horizon
and flatness, etc. It also explains the origin of inho-
mogeneities that are observed in the cosmic microwave
background and the formation of the large scale struc-
ture of the universe [1]. During the last three decades, a
wide range of inflationary models have been proposed,
including conformal attractors [2], α−attractors [3–7],
Starobinsky and the chaotic inflation in supergravity,
which is known as Goncharov and Linde (GL) model
[8–13]. These models provide very similar cosmologi-
cal predictions with respect to the significant differences
in their potentials, and have an excellent fit with the
current observations. According to Planck 2015 results
[14], in the case of a single field inflation, the potentials
of α−attractors and Starobinsky are consistent with the
observations, while the quadratic potential is not equally
favorable.
Despite the triumph of the standard inflationary mod-
els, which are based on the classical theory of general
relativity (GR), their past is inadequate due to the exis-
tence of a big bang singularity. All scalar field models of
inflation suffer from this initial and inevitable singularity
[15, 16]. Clearly, with this it is difficult to know when and
how to set the initial conditions. Moreover, to be consis-
tent with the current observations, the universe should
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have expanded at least 60 e-folds during the inflation.
Meanwhile, in a large class of inflationary models, it is
often more than 70 e-folds [17]. However, in these models
the size of the current universe is smaller than the Planck
at the onset of inflation. Consequently, the semi-classical
treatments are questionable during inflation. This is the
so-called trans-Planckian problem [18, 19].
To address the above issues, in this paper we shall
study the preinflationary dynamics of the generalized
α−attractor model in the context of loop quantum cos-
mology (LQC), in which the big bang singularity is gener-
ically replaced by a quantum bounce [20–25], and inves-
tigate whether following the quantum bounce a desired
slow-roll inflation generically exists or not [26–34].
In the literature, there are mainly two distinct ap-
proaches for the preinflationary universe, the dressed
metric [21, 35–37] and the deformed algebra [38–43]. Al-
though both approaches give rise to the same set of dy-
namical equations in the case of the background evolution
of the universe, their perturbations are different [32]. The
corresponding non-Gaussianities were also studied both
numerically [44, 45] and analytically [46] recently, and
found that it is consistent with current observations.
However, in this paper since we are mainly concerned
with the background evolution of the universe, the re-
sults to be presented in this work will be valid to both
approaches. Keeping this in mind, we shall compare our
results with the power-law and Starobinsky potentials
obtained in [27, 29, 33, 47–49]. In particular, we shall
show that, when the kinetic energy of the inflaton ini-
tially dominates at the bounce (except for a very small
set in the phase space), the evolution of the universe be-
fore reheating can be divided universally into three dif-
ferent phases [47–49]: bouncing, transition and slow-roll
inflation. During these phases, the evolutions of both
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2background and linear perturbations of the universe are
all known analytically [48, 49]. In the small exceptional
region of the phase space, we find that the potential en-
ergy first evolutes almost as a constant in the bounc-
ing phase, but oscillating afterward, in contrast to the
rest of regions in which the kinetic energy of the inflaton
dominates the evolution of the universe at the quantum
bounce. As a result, in this exceptional region, a slow-roll
inflation is not resulted.
The rest of the paper is organized as follows. In Sec. II,
we briefly discuss the basic equations of the background
evolution of the universe in the framework of LQC. In
Sec. III, we examine the generalized α−attractor model,
and shall divide it into three models, namely T , E and
α−attractor with n = 2 in the sub-sections III A, III B
and III C, respectively. These sub-sections are devoted to
the detailed analysis of the background evolution in the
framework of the positive inflaton velocity (PIV, φ˙ > 0)
and negative inflaton velocity (NIV, φ˙ < 0), and also in
the form of kinetic energy dominated (KED) and poten-
tial energy dominated (PED) cases at the bounce. The
phase portraits for the models under consideration are
presented in Sec. IV. In Sec. V, we compare our results
with the ones obtained previously for the power-law and
Starobinsky potentials. Our main conclusions are sum-
marized in Sec. VI.
Before turning to the next section, it is interesting to
note that pre-inflationary universe has been also stud-
ied recently in the framework of loop quantum gravity
(LQG) [50–55] by using Thiemann’s quantization scheme
for the Lorentz part of the Hamiltonian [56], and among
other things, it was shown that the resolution of the big
bang singularity (replaced by a quantum bounce) is ro-
bust, although the details near the bounce depend on the
ways to regularize the Hamiltonian [53, 54]. When the
kinetic energy of the inflaton dominates at the bounce,
the evolution of the universe before reheating can be also
divided universally into three different phases, bouncing,
transition and slow-roll inflation [53, 54]. During these
phases, the evolution of the background of the universe
is also known analytically [48, 49].
We would also like to note that recently inflation with
different potentials have been studied in Einstein’s theory
of gravity and string-inspired models [57–61], and vari-
ous interesting results were obtained. In addition, in the
framework of quantum reduced loop gravity (QRLG), its
Hamiltonian (HQRLG) is almost identical to the Hamilto-
nian of LQC (HLQC), except for a leading term [62, 63].
If this term is zero, then HQRLG exactly coincides with
HLQC . Similar to LQC, bounce occurs in QRLG. If we
use the modified Friedmann equation of QRLG, then we
can also obtain three different phases, bouncing, tran-
sition and the slow-roll inflation. However, the back-
ground dynamics would not be exactly the same as in
LQC due to the dependence on the parameters of QRLG.
Yet, the modified Friedmann equation of group field the-
ory (GFT) is also almost the same as in LQC, except
with the last term of energy Ej0 [64, 65], The geomet-
ric interpretation of Ej0 is not transparent, but its effect
on the dynamics is as following: (a) For Ej0 = 0, the
effective dynamics is same as in LQC. (b) For Ej0 > 0,
the bounce will take place at a higher space-time curva-
ture. (c) For Ej0 < 0, the bounce will occur at a lower
space-time curvature.
The issue of estimating the duration of the slow-roll
inflation with effective isotropic, anisotropic and Bianch
I Universe in LQC have been investigated in [66–68], in
which it was found that the probability distribution func-
tion during the slow-roll inflation is peaked at the values
of e-folds which are consistent with observations. More-
over, the duration of the slow-roll inflation does not de-
pend crucially on the modified background evolution [69].
A new related study for the probability of inflation has
been discussed in [70], in which the existence of the quan-
tum bounce affects the probability of inflation.
II. BACKGROUND EVOLUTION
In the framework of LQC, the modified Fried-
mann equation in a spatially flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) background is written as [71]
H2 =
8pi
3m2Pl
ρ
(
1− ρ
ρc
)
, (1)
where H = a˙/a is the Hubble parameter, ρ = φ˙2/2+V (φ)
represents the energy density of the inflaton field, and
V (φ) is the potential of the field. The dot denotes a
derivative with respect to the cosmic time t, mPl is the
Planck mass and ρc is the critical energy density that
corresponds to the maximum value of energy density, and
is given by ρc ' 0.41m4pl [72, 73].
The conservation equation in the context of LQC re-
mains the same as in the classical theory
ρ˙+ 3H(ρ+ p) = 0. (2)
Here, p denotes the pressure of the matter field. Eq.(2)
gives the Klein-Gordon equation for a single scalar field
φ¨+ 3Hφ˙+
dV (φ)
dφ
= 0. (3)
Eq.(1) tells that at ρ = ρc, H = 0 that means quantum
bounce occurs at ρ = ρc. The numerical evolution of
the background with the bouncing phase has been exten-
sively studied in the literature. One of the main results
is that a desired slow-roll inflation is achieved [23, 27–
29, 47–49, 74]. Keeping this in mind, we shall study
“bounce and slow-roll” with the generalized α−attractor
model (see Sec. III).
Let us first examine the evolution equations for a gen-
eral potential V (φ). We numerically solve Eqs.(1) and
(3) with the initial values of a(t), φ(t) and φ˙(t) at a spe-
cific time. A natural option of the time is at the bounce
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FIG. 1: Left panel shows the evolution of the T − model potential (16) for α = 10m2Pl and 1010m2Pl. This potential is
symmetric about φ = 0, and bounded by V (φ) ≤ αc2 (above, as φ → ±∞) and V (φ) ≥ 0 (below). In LQC, maximum
energy density is ρc that constrains φmax, see Eq.(26). Therefore, ρ ≤ ρc at the bounce. In the case of α = 10m2Pl, ρ ≤ ρc
as φ → ±∞. However, for α = 1010m2Pl, ρ ≤ ρc as φ → ±2.56 × 105. Right panel exhibits the evolution of the potentials
(18) and (20). Both potentials are bounded below by zero i.e. V (φ) ≥ 0. For φ → ∞, the potentials are bounded above by
V (φ) ' αc2/4 ' 3 × 10−9m4Pl(n = 1, α = 5m2Pl) and V (φ) ' 2.8 × 10−9m4Pl(n = 2, α = 5m2Pl), whereas for φ → −∞, both
potentials are unbounded from above. However, at the bounce, the critical energy density restricts φB to (φmin,∞), where
φmin are represented by the black dots, and given by Eqs.(29) (n = 1) and (37) (n = 2).
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FIG. 2: The numerical results for T − model (16) with φ˙B > 0. The figure shows the evolution of a(t), w(φ) and H for
the KED with slow-roll inflation (top) and without slow-roll inflation (bottom) initial conditions at the quantum bounce. The
analytical solution of a(t) [Eq.(12)] is also displayed in order to compare it with the numerical solutions. We use α = 10m2Pl,
c = 1.8× 10−5mPl, and mPl = 1. Due to the symmetric nature of the T −model, similar results can be obtained for φ˙B < 0.
t = tB , for which we have
ρ = ρc =
1
2
φ˙2(tB) + V (φ(tB)),
a˙(tB) = 0, (4)
from which we find
φ˙(tB) = ±
√
2
(
ρc − V (φ(tB))
)
. (5)
Without loss of the generality, we can always choose
a(tB) = 1. (6)
Hereafter, we shall read φ(tB) and φ˙(tB) as φB and φ˙B .
From Eq.(5), one can clearly see that for a given po-
tential, the initial values will be uniquely identified by
φB only. Subsequently, we shall consider two cases: (a)
PIV: φ˙B > 0 and (b) NIV: φ˙B < 0.
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FIG. 3: This figure represents the evolution of a(t), w(φ) and H for T−model with φ˙B > 0. Top and middle panels correspond
to the KED initial conditions with and without slow-roll inflation, whereas bottom ones are for PED initial conditions having
slow-roll inflation. The numerical evolution of a(t) with the analytical solution (12) is universal in the case of KED initial
conditions (top and middle), while it is lost in the PED case (bottom). We take α = 1010m2Pl, c = 8.2×10−6mPl, and mPl = 1.
In the case of φ˙B < 0, one can obtain similar results as the potential (16) is symmetric.
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FIG. 4: This figure shows the evolutions of the kinetic φ˙2/2 and potential V (φ) energies of the inflaton for T −model with
α = 1010m2Pl for φ˙B > 0. The energy density ρ = φ˙
2/2 + V (φ) is also displayed. Left (KED case, φB = 5mPl): during
the bouncing phase, PE is sub-dominant and remains so until the transition phase. Thereafter, it overtakes KE and starts to
dominate the evolution of the universe, whereby a slow-roll inflationary phase is resulted. Middle (KED case, φB = −2.4mPl):
This panel shows that the PE remains sub-dominant and is never able to overtake the KE. Hence, it does not give rise to a
slow-roll inflationary phase. Right (PED case, φB = 2× 105mPl): in this case, PE dominates throughout the whole evolution,
and provides a slow-roll inflationary phase for a long period.
5TABLE I: Table for the range of α having slow-roll (SR)/no slow-roll (NSR) inflation in the cases of both KED and PED
initial conditions of the inflaton field at the bounce. For the sake of simplicity, we numerically choose wφ ' −0.999 and
 ' 10−2− 10−6 in the case of SR whereas wφ ' −0.94 and  ' 0.10 for NSR. The solid line (−) corresponds to the PED range
that does not exist throughout the bouncing regime.
Model α Slow-roll inflation depending on the range of φB
KED (SR) Existence of KED PED (SR)
(except subset) subset (NSR)
T 0 < α < 4.3× 109 All Yes −
4.3× 109 ≤ α All Yes All
E 0 < α < 0.02 All No (for φ˙ > 0) All
Yes (for φ˙ < 0)
0.02 ≤ α < 0.6 All Yes None
0.6 ≤ α All Yes All
n = 2 0 < α < 0.1 All No (for φ˙ > 0) All
Yes (for φ˙ < 0)
0.1 ≤ α < 2.4 All Yes None
2.4 ≤ α All Yes All
Second, we introduce the following quantities that are
essential for this paper [47–49].
(1) The equation of state (EoS) w(φ) for the inflaton
field is defined as
w(φ) =
φ˙2/2− V (φ)
φ˙2/2 + V (φ)
. (7)
In the slow-roll inflationary phase, w(φ) ' −1.
To differentiate the initial conditions for being dom-
inated by the kinetic energy (KE) or potential energy
(PE) at the bounce, we also introduce the quantity wB ,
so that
wB ≡ w(φ)
∣∣∣
φ=φB
=

> 0, KE > PE
= 0, KE = PE
< 0, KE < PE
(8)
(2) The slow-roll parameter H , that is expressed in
terms of the Hubble parameter and its derivatives,
H = − H˙
H2
. (9)
During the slow-roll inflation, H  1.
(3) The number of e-folds Ninf during the slow-roll
inflation is given by
Ninf = ln
(aend
ai
)
=
∫ tend
ti
H(t)dt
=
∫ φend
φi
H
φ˙
dφ '
∫ φi
φend
V
Vφ
dφ, (10)
where ai (aend) represents the expansion factor when the
inflation starts (ends), i.e. a¨(ti) & 0 and w(φend) =
−1/3.
(4) Using Eqs.(1) and (3), we obtain an analytical
expression of the scale factor a(t) during the bouncing
phase. In this phase, if the potential is very small com-
pared to the kinetic energy, then Eqs.(1) and (3) become
H2 =
8pi
3m2Pl
1
2
φ˙2
(
1− φ˙
2
2ρc
)
,
φ¨+ 3Hφ˙ = 0. (11)
We solve the above equations analytically, and find [47–
49]
φ˙ = ±
√
2ρc
(
aB
a(t)
)3
,
a(t) = aB
(
1 + δ
t2
t2Pl
)1/6
, (12)
where tPl denotes the Planck time, and δ = 24piρc/m
4
Pl
is a dimensionless parameter.
(5) We define a quantity rw, that is the ratio between
the kinetic and potential energies,
rw ≡
1
2 φ˙
2
V (φ)
. (13)
Following Eq.(13), one can define rcw that corresponds to
6TABLE II: Table for SR/NSR with the range of φB for φ˙B > 0 and φ˙B < 0 having different values of α. For each value of α,
the corresponding values of c are given by Eqs.(17), (19) and (21). The sign (−) represents the case in which a single initial
value of φB does not provide KED=PED (w
B = 0) and PED (wB < 0) at the bounce. Here, φmax corresponds to T −model
and given by Eq.(26). In the case of E −model and α−model with n = 2, φmin are given by Eqs.(29) and (37), respectively.
Model φ˙B α KED (SR) Subset of KED (NSR) KED=PED (SR/NSR) PED (SR)
(wB > 0) (wB > 0) (wB = 0) (wB < 0)
T > 0 10 −∞ ≤ φB ≤ −3.1 −3.1 < φB ≤ −1.6 − −
−1.61 ≤ φB ≤ +∞
1010 −1.52× 105 < φB ≤ −3.21 −3.2 ≤ φB < −1.8 φB = ±1.52× 105(SR) −φmax ≤ φB < −1.52× 105
−1.8 ≤ φB < 1.52× 105 1.52× 105 < φB ≤ +φmax
E > 0 0.1 −1.51 ≤ φB ≤ ∞ −3.52 < φB ≤ −1.5 φB = −3.52 (NSR) None
5 −24.70 ≤ φB ≤ −3.11 −3.1 ≤ φB < −1.4 φB = −24.71 (SR) φmin ≤ φB ≤ −24.72
& −1.4 ≤ φB ≤ ∞
< 0 0.1 2.4 ≤ φB ≤ ∞ −3.51 < φB < 2.4 φB = −3.51 (NSR) None
5 −24.69 ≤ φB ≤ 1.4 1.4 < φB < 3 φB = −24.7 (SR) φmin ≤ φB ≤ −24.71
& 3 ≤ φB ≤ ∞
n = 2 > 0 0.5 −1.39 ≤ φB ≤ ∞ −3.93 < φB ≤ −1.4 φB = −3.93 (NSR) None
5 −12.4 ≤ φB ≤ −3.4 −3.4 < φB < −1.4 φB = −12.41 (SR) φmin ≤ φB ≤ −12.42
& −1.4 ≤ φB ≤ ∞
< 0 0.5 2.4 ≤ φB ≤ ∞ −3.92 < φB < 2.4 φB = −3.92 (NSR) None
5 −12.39 ≤ φB ≤ 1 1 < φB < 2.7 φB = −12.4 (SR) φmin ≤ φB ≤ −12.41
& 2.7 ≤ φB ≤ ∞
Ninf ' 60 during the slow-roll inflation,
rcw ≡
1
2 φ˙
2
V (φ)
∣∣∣
Ninf'60
=

rcw > rw Ninf < 60
rcw = rw Ninf ' 60
rcw < rw Ninf > 60.
(14)
In the following section, we shall discuss the generalized
α−attractor model in the context of PIV and NIV at the
quantum bounce.
III. α−ATTRACTOR MODEL
In this section, we shall study “bounce and slow-roll”
with the generalized α−attractor model in the frame-
work of LQC. Let us consider the following form of the
potential [75, 76]:
V (φ) = αc2
[
tanh
(
φ√
6α
)]2
[
1 + tanh
(
φ√
6α
)]2n , (15)
where the parameters α and c have the dimensions
of M2Pl and MPl, and MPl = mPl/
√
8pi is the re-
duced Planck mass. The parameter n takes the values
n = 0, 1, 2, 3... For large field values (φ → ∞), the
generalized α−attractor potential becomes flatten, and
for small field values (φ → 0), it behaves as a quadratic
one. For different values of n, Eq.(15) gives the following
forms of the potentials.
For n = 0, we have
V (φ) = αc2
[
tanh
(
φ√
6α
)]2
. (16)
In the literature, Eq.(16) is known as T −model [3, 5, 6],
and also represents GL model for α = 1/9 [13]. We find
values of α and c that are consistent with the Planck 2015
results for inflationary universe [14]. Here, we write only
those values which shall be used in figures and tables.
However, one can also obtain other combinations (see
7TABLE III: This table corresponds to the T − model. We display the number of e-foldings Ninf and other parameters for
different choices of φB in two cases of α, see Eq.(17). This table is for φ˙B > 0. Due to the symmetric nature of the T −model,
one can obtain similar results for φ˙B < 0.
α φB Inflation t/tpl  w Ninf r
c
w/rw w
B
10 −5.3 begin 5.40007× 103 0.99 −1/3
slow-roll 4.66194× 104 5.0× 10−3 −0.996 79.23 rcw < rw > 0
end 2.032× 106 1.0 −1/3
−4.9 begin 6.05487× 103 0.99 −1/3
slow-roll 5.01307× 104 7.1× 10−3 −0.994 60.28 rcw = rw > 0
end 1.745× 106 0.99 −1/3
−4 begin 8.594× 103 1.0 −1/3
slow-roll 6.21983× 104 1.9× 10−2 −0.987 27.57 rcw > rw > 0
end 1.133× 106 1.0 −1/3
1.1 begin 6.25705× 103 1.0 −1/3
slow-roll 2.04834× 104 3.1× 10−5 −1 60.59 rcw = rw > 0
end 1.751× 106 0.99 −1/3
2 begin 4.98597× 103 1.0 −1/3
slow-roll 1.7624× 104 1.5× 10−4 −1 103.17 rcw < rw > 0
end 2.356× 106 1.0 −1/3
1010 −5.5 begin 1.106433× 104 0.99 −1/3
slow-roll 9.60811× 104 7.1× 10−3 −0.995 77.91 rcw < rw > 0
end 4.345× 106 0.99 −1/3
−5.1 begin 1.2549× 104 0.99 −1/3
slow-roll 1.04701× 105 8.3× 10−3 −0.994 60.49 rcw = rw > 0
end 3.804× 106 0.99 −1/3
0.5 begin 1.57596× 104 0.99 −1/3
slow-roll 4.82807× 104 1.2× 10−4 −1 41.88 rcw > rw > 0
end 3.13× 106 0.99 −1/3
1.05 begin 1.30481× 104 0.99 −1/3
slow-roll 4.19299× 104 1.3× 10−5 −1 60.32 rcw = rw > 0
end 3.8× 106 0.99 −1/3
1.5 begin 1.14255× 104 0.99 −1/3
slow-roll 3.79398× 104 3.4× 10−5 −1 78.09 rcw < rw > 0
end 4.354× 106 1.00 −1/3
2× 105 begin 0.01 1.0 −0.492
slow-roll 1.0 0.047 −0.984 713.98 rcw < rw < 0
end 888 0.1 −1/3
8Appendix A)
α = 10m2Pl, c = 1.8× 10−5mPl
α = 1010m2Pl, c = 8.2× 10−6mPl. (17)
For n = 1, we have
V (φ) =
αc2
4
(
1− e−
√
2
3αφ
)2
. (18)
This is called E −model (generalization of the Starobin-
sky model) [4]. Eq.(18) corresponds to the Starobinsky
model when α = 1 [8]. For the numerical evolution,
combinations of α and c that are in agreement with the
Planck data [14], are given as (see Appendix A)
α = 0.1m2Pl, c = 3.3× 10−4mPl,
α = 5m2Pl, c = 4.9× 10−5mPl. (19)
For n = 2, we have
V (φ) = αc2
[
tanh
(
φ√
6α
)]2
[
1 + tanh
(
φ√
6α
)]4 . (20)
Values of α and c that are compatible with the Planck
data [14] are given by (see Appendix A)
α = 0.5m2Pl, c = 2.9× 10−4mPl,
α = 5m2Pl, c = 9.4× 10−5mPl. (21)
Here, we are interested in the dynamics of the inflaton
field having potentials (16), (18) and (20). Numerically,
we shall solve Eqs.(1), (3) with (16), (18) and (20), and
examine whether following the quantum bounce, a de-
sired slow-roll inflation exists or not.
Before proceeding, let us first consider the inflationary
potentials (16), (18) and (20) that are shown in Fig. 1.
The predictions of Eq.(16) with (18) and (20) are similar
but not identical as the main difference is in the shape
of the potentials. The potential (16) is symmetric about
φ = 0, whereas potentials (18) and (20) are not symmet-
ric in nature.
Second, we present the range of α (depending on φB)
having inflationary/non-inflationary phase for the models
under consideration in Table I. Following this, we choose
some values of α in each case and use them to draw the
figures with different values of φB , and its corresponding
range for inflationary/non-inflationary phase with PIV
and NIV are shown in Table II.
A. T-model
Let us discuss some characteristics of T − model
[Eq.(16)]. We show the evolution of potential (16) vs the
scalar field in Fig. 1. This potential asymptotically ap-
proaches a plateau for large field values, and as the field
approaches the origin, it is oscillating. The potential is
symmetric with respect to φ = 0.
We numerically solve Eqs.(1) and (3) with T −model.
Here, we only consider the case φ˙B > 0 (PIV) because
the initial conditions for T −model at the bounce have
symmetry (φB , φ˙B) → (−φB ,−φ˙B), and the results for
φ˙B < 0 (NIV) can be easily obtained by using the above
symmetry. Further, initial conditions can be categorized
into two sub-cases, namely, KED and PED at the bounce.
For this model, we choose two values of α, α = 10m2Pl
and 1010m2Pl, and the corresponding values of the param-
eter c are given by Eq.(17). In the case of α = 10m2Pl,
only KED initial conditions are possible at the quantum
bounce. To get both KED and PED initial conditions at
the bounce, α should be large like 1010m2Pl as the poten-
tial contains c2 term that is very small, as can be seen
from Eq.(17).
First, we numerically evolve T −model with the back-
ground given by Eqs.(1) and (3) for α = 10m2Pl. The
results for a set of KED initial conditions at the bounce
are presented in Fig. 2, in which the scale factor a(t), the
EoS w(φ) and the slow-roll parameter H are shown for
the same set of φB . In the future evolution of w(φ) and
H , we obtain inflationary and non-inflationary phases.
This means, in the entire parameter space of the KED
initial conditions, we also have a small subset that does
not provide inflationary phase, see Fig. 2 and Table II.
From the top panels of Fig. 2, one can clearly see that
the desired slow-roll inflationary phase is obtained for
the chosen initial values of φB/mPl = −5, 4, 10. In this
region, a(t) grows exponentially, w(φ) ' −1 and H 
1. For NIV (φ˙B < 0), one can obtain the same results
with the replacement of φB by −φB [i.e. φB/mPl =
5,−4,−10].
From the curves of w(φ) (top panel of Fig. 2), we
notice that the evolution of the universe before reheat-
ing can be split up into three different phases, namely
bouncing, transition and slow-roll [47–49]. During the
bouncing phase, the kinetic energy remains dominant,
and w(φ) ' +1. In the transition phase, w(φ) decreases
drastically from +1 (t/tPl ' 103) to −1 (t/tPl ' 104).
This transition phase is slightly short in comparison with
the other two phases. In the slow-roll phase, w(φ) is close
to −1, and remains so until the end of the slow-roll in-
flation. During the bouncing phase, it is remarkable to
note that the evolution of a(t) (top panel of Fig. 2) is
independent for a wide range of initial values of φB , and
exhibits the compatible behavior with the analytical so-
lution (12).
The entire range of KED initial conditions is from −∞
to +∞. In this range most of initial values provide infla-
tionary phase. However, there is a small subset that does
not give inflationary phase, see Table II. Total number
of e-folds Ninf during the inflationary phase can be ob-
tained for different values of φB , and the range for φ˙B > 0
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FIG. 5: This figure exhibits the numerical evolution of a(t), w(φ) and H for E −model (18) with φ˙B > 0. Top and middle
panels are plotted for KED initial conditions whereas bottom ones are for PED initial values. Here, only KED (except a small
subset) initial values lead to the slow-roll inflationary phase, while the PED and a subset of KED initial conditions do not
provide a slow-roll inflation phase. We choose α = 0.1m2Pl, c = 3.3× 10−4mPl, and mPl = 1.
is given as (See Table II)
φB
mPl
∈ (−∞,−3.1) ∪ (−1.61,+∞)
→ slow-roll (Ninf > 0),
−3.1 < φB ≤ −1.6→ no slow-roll inflation. (22)
To be consistent with the Planck data [14], at least 60
e-folds are needed during the slow-roll inflation, and to
obtain it one has to require (see Table III)
φB
mPl
∈ (−∞,−4.9) ∪ (1.1,+∞). (23)
In the case of initial conditions with φ˙B < 0, we use the
symmetry (φB , φ˙B)→ (−φB ,−φ˙B), then the constraints
are
φB
mPl
∈ (−∞, 1.61) ∪ (3.1,+∞)→ slow-roll (Ninf > 0)
1.6 ≤ φB < 3.1→ no slow-roll,
φB
mPl
∈ (−∞,−1.1) ∪ (4.9,+∞)→ Ninf & 60. (24)
From Table III, one notices that the number of e-folds
Ninf grows as the absolute values of φB increase, which
implies that an absolute large value of φB can produce
more number of e-folds. The similar results for power-law
potentials were obtained in [47].
Next, we study T − model with α = 1010m2Pl. The
results are displayed in Fig. 3 for φ˙B > 0. Here, we
use a large value of α to get both KED and PED ini-
tial conditions at the quantum bounce. In Fig. 3, we
show the evolution of the scale factor a(t), EoS w(φ) and
slow-roll parameter H , and show the inflationary and
non-inflationary phases of the universe. Top, middle and
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FIG. 6: This figure is similar to Fig. 5 but with φ˙B < 0.
bottom panels of Fig. 3 are obtained for the different sets
of initial conditions of φB that correspond to KED with
slow-roll (Top), without slow-roll (Middle) and PED with
slow-roll (Bottom). From the top and middle panels of
Fig. 3, we conclude that the KED initial conditions have
a subset that does not provide slow-roll inflation phases.
The range of the above subset is given in Table II.
Let us compare Top and bottom panels of Fig. 3 that
are obtained for KED and PED initial conditions. In top
panels, the evolution of a(t) exhibits the universal feature
which is consistent with the analytical solution (12). The
evolution of w(φ) shows three different phases, namely
bouncing, transition and slow-roll. In bottom panels, the
universal feature of a(t) is lost, and the bouncing phase
no longer exists, though the slow-roll inflation w(φ) ' −1
can still be achieved.
The range of φB that provides inflationary and non-
inflationary phases is given by (see Table II):
φB
mPl
∈ (−φmax,−3.21) ∪ (−1.8, φmax),
→ slow-roll (Ninf > 0),
−3.2 ≤ φB < −1.8→ no slow-roll inflation, (25)
where
φmax '
√
6α arctan h
(√
ρc
αc2
)
' 2.56× 105mPl. (26)
To obtain at least 60 e-folds during the slow-roll infla-
tionary phase, one has to require (see Table III):
φB
mPl
∈ (−φmax,−5.1) ∪ (1.05, φmax). (27)
For φ˙B < 0, the same results can be obtained with the
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FIG. 7: This figure is for E−model (18) with φ˙B > 0. Top (KED, except a small subset) and bottom (PED) panels represent
the slow-roll inflation region whereas the middle panels (subset of KED) do not. Here, we take α = 5m2Pl, c = 4.9× 10−5mPl,
and mPl = 1.
symmetry (φB , φ˙B)→ (−φB ,−φ˙B), and are given by
φB
mPl
∈ (−φmax, 1.8) ∪ (3.21, φmax),
→ slow-roll (Ninf > 0)
1.8 < φB ≤ 3.2→ no slow-roll,
φB
mPl
∈ (−φmax,−1.05) ∪ (5.1, φmax)
→ Ninf & 60. (28)
As mentioned in the case of α = 10m2Pl, here also one
can get more e-folds for the large absolute values of φB ,
see Table III.
Finally, we consider the evolutions of the kinetic and
potential energies in Fig. 4, and pay particular atten-
tion on the case in which a slow-roll inflationary phase
is absent, although the kinetic energy of the inflaton still
dominates the evolution of the universe at the bounce.
Left panel is plotted for KED initial condition with
φB = 5mPl. In the bouncing phase, KE dominates the
evolution whereas PE remains sub-dominant. As time in-
creases, KE decreases until the transition phase in which
KE falls below the PE, and thereafter, PE dominates
and remains so for most of the time of the evolution,
during which the slow-roll inflation is resulted. Middle
panel is shown for a value (φB = −2.4mPl) of a subset of
KED initial conditions. In this case, PE is sub-dominant
initially and remains so during the entire evolution. It
never overtakes the KE. As a result, a slow-roll inflation-
ary phase is absent. Right panel exhibits the PED case
where PE dominates generically during the whole pro-
cess, and gives rise to a slow-roll inflationary phase for a
long period.
B. E-model
In this subsection, we study the features of E −model
[Eq.(18)]. The E −model potential is displayed in Fig.
1. This kind of potentials is bounded below by zero i.e.
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TABLE IV: This table represents the E −model. We show the number of e-foldings Ninf and other parameters with φ˙B > 0.
For each choice of α, the corresponding values of c are given by Eq.(19).
α φB Inflation t/tpl  w Ninf r
c
w/rw w
B
0.1 −0.5 begin 2.65082× 103 0.99 −1/3
slow-roll 1.10225× 104 1.0× 10−4 −1 42.77 rcw > rw > 0
end 3.243× 105 0.99 −1/3
−0.38 begin 2.62043× 103 0.99 −1/3
slow-roll 1.16211× 104 1.8× 10−4 −1 60.0 rcw = rw > 0
end 4.425× 105 0.99 −1/3
−0.3 begin 2.60392× 103 0.99 −1/3
slow-roll 1.20318× 104 2.4× 10−4 −1 74.92 rcw < rw > 0
end 5.441× 106 0.99 −1/3
5 −25 begin 0.3 1.5 −0.478
slow-roll 1.5 1.3× 10−3 −0.978 713.22 rcw < rw < 0
end 2.963× 105 0.31 −1/3
−6 begin 5.6861× 102 0.99 −1/3
slow-roll 3.0× 103 1.8× 10−2 −0.987 79.14 rcw < rw > 0
end 4.4× 105 0.99 −1/3
−5.35 begin 7.8972× 102 0.99 −1/3
slow-roll 6.78678× 103 2.0× 10−2 −0.987 60.28 rcw = rw > 0
end 4.07× 105 1.0 −1/3
−5 begin 9.5418× 102 0.99 −1/3
slow-roll 9.55025× 103 2.1× 10−2 −0.985 50.69 rcw > rw > 0
end 3.85× 105 1.0 −1/3
0.5 begin 4.26416× 103 0.99 −1/3
slow-roll 1.43245× 104 2.7× 10−4 −1 47.83 rcw > rw > 0
end 7.85× 105 0.99 −1/3
0.76 begin 3.99721× 103 1.0 −1/3
slow-roll 1.39402× 104 1.0× 10−4 −1 60.45 rcw = rw > 0
end 9.19× 105 0.99 −1/3
1 begin 3.79512× 103 0.99 −1/3
slow-roll 1.36658× 104 3.6× 10−4 −1 73.96 rcw < rw > 0
end 1.054× 106 0.99 −1/3
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TABLE V: This table is for the E −model. We exhibit different parameters with φ˙B < 0.
α φB Inflation t/tpl  w Ninf r
c
w/rw w
B
0.1 3 begin 2.62892× 103 0.99 −1/3
slow-roll 2.56475× 104 1.6× 10−3 −0.999 39.16 rcw > rw > 0
end 2.992× 105 0.99 −1/3
3.15 begin 2.59873× 103 0.99 −1/3
slow-roll 2.50846× 104 3.4× 10−5 −0.999 60.48 rcw = rw > 0
end 4.457× 105 0.99 −1/3
3.3 begin 2.57866× 103 0.99 −1/3
slow-roll 2.50846× 104 1.1× 10−3 −0.999 92.19 rcw < rw > 0
end 6.611× 105 0.99 −1/3
5 −25 begin 0.2 4.94 −0.507
slow-roll 0.8 1.1× 10−2 −0.995 712.15 rcw < rw < 0
end 2.47527× 105 0.28 −1/3
−3 begin 5.88967× 102 0.99 −1/3
slow-roll 1.74169× 103 6.6× 10−5 −1 80.19 rcw < rw > 0
end 4.42× 105 1.0 −1/3
−2.2 begin 8.361× 102 0.99 −1/3
slow-roll 2.42178× 103 9.5× 10−5 −1 60.23 rcw = rw > 0
end 4.07× 105 1.0 −1/3
−2 begin 9.1693× 102 0.99 −1/3
slow-roll 2.6382× 103 3.3× 10−6 −1 55.51 rcw > rw > 0
end 3.966× 105 1.0 −1/3
4.2 begin 4.11346× 103 0.99 −1/3
slow-roll 3.77015× 104 6.2× 10−3 −0.995 48.70 rcw > rw > 0
end 7.944× 105 0.99 −1/3
4.42 begin 3.89349× 103 0.99 −1/3
slow-roll 5.83076× 104 3.8× 10−3 −0.996 60.33 rcw = rw > 0
end 9.173× 105 0.99 −1/3
5 begin 3.47442× 103 0.99 −1/3
slow-roll 3.27722× 104 2.3× 10−3 −0.998 99.13 rcw < rw > 0
end 1.292× 106 0.99 −1/3
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FIG. 8: This figure is same as Fig. 7 but with φ˙B < 0.
V (φ) ≥ 0. On the positive side (φ → ∞), the potential
(18) achieves a finite value V (φ)→ αc2/4, whereas in the
negative side (φ → −∞) it diverges. Hence, this poten-
tial is asymmetric. In LQC, the total energy density can
not exceed the value of ρc. Therefore, the critical energy
density constrains the initial values of φB as (φmin,∞),
where
φmin '
√
6α arctan h
( √
ρc√
αc2 −√ρc
)
' −3.64mPl for α = 0.1m2Pl,
' −25.65mPl for α = 5m2Pl. (29)
The E − model reduces to the Starobinsky model for
α = 1. Here, we shall not discuss the Starobinsky model
as the evolutions and the phase space analysis have been
already studied in detail in [33, 48, 49]. Hence, in this
sub-section, we shall investigate E−model with different
values of α (α 6= 1).
From Eq.(29), one can obtain φmin for the given value
of α and c. First, let us work with α = 0.1m2Pl and
c = 3.3 × 10−4mPl [Eq.(19)]. In this case, we have
φmin ' −3.64mPl. Numerically, we examine the whole
range of the inflaton field in order to identify the initial
conditions that can give rise to the slow-roll inflation.
We find the KED (PED) evolution exists in a very long
(narrow) range and given by (see, Table II):
• For φ˙B > 0, we have
φB
mPl
∈ (−1.51,+∞)→ KED (SR),
−3.52 < φB ≤ −1.5→ subset of KED (NSR),
φB
mPl
= −3.52→ KED=PED (NSR),
φB
mPl
∈ (φmin,−3.53)→ PED (NSR), (30)
where φmin is given by Eq.(29).
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FIG. 9: In this figure the kinetic and potential energies are plotted for E −model with α = 0.1m2Pl (Top) and α = 5m2Pl
(Bottom) for φ˙B > 0. Top: left and middle panels correspond to KED initial conditions at the bounce. Left panel ( φB =
−0.1mPl) provides the slow-roll inflation as PE dominates at the later regime, while it is not possible in the middle panel (
φB = −2mPl) as PE never dominates. Right panel ( φB = −3.58mPl) represents the PED case, but does not yield the slow-roll
inflation. Bottom: Left panel ( φB = −8mPl) gives rise to the slow-roll inflation, whereas the middle panel ( φB = −2mPl)
does not. However, in this case, the right panel ( φB = −25mPl) yield the slow-roll inflation for PED initial conditions.
• For φ˙B < 0, we obtain
φB
mPl
∈ (2.4,+∞)→ KED (SR),
−3.51 < φB < 2.4→ subset of KED (NSR),
φB
mPl
= −3.51→ KED=PED (NSR),
φB
mPl
∈ (φmin,−3.52)→ PED (NSR). (31)
The results of the background evolution for KED and
PED initial conditions are shown in Figs. 5 and 6, with
φ˙B > 0 and φ˙B < 0, respectively. In both figures, the
evolutions of a(t), w(φ) and H are obtained numerically
for the same set of the initial values of φB . In the case
of KED initial conditions, the evolution of a(t) is univer-
sal during the bouncing phase as it does not depends on
the form of the potentials nor on the initial values of φB ,
and can be well approximated by the analytical solution
(12). This is mainly due to the fact that the potential
remains very small in comparison with the kinetic one
during the whole bouncing phase, and its effects on the
evolution of the background is almost negligible. From
the evolution of w(φ), one can see that the background
evolution is divided into three different phases: bounc-
ing, transition and slow-roll. The period of transition
phase is very small in comparison with the other two. In
the bouncing phase, w(φ) ' +1, while in the transition
phase it suddenly decreases from +1 (t/tPl ≈ 103) to
−1 (t/tPl ≈ 104). In the slow-roll inflationary phase, it
is very close to −1 until the end of the slow-roll inflation.
In the KED case, we also have a subset that does not
provide the slow-roll inflation, which is shown clearly in
the middle panels of Figs. 5 and 6. The range of this
subset is presented in Table II. In the case of PED initial
conditions, the universality of the scale factor a(t) is lost,
and the bouncing phase does not exist any more, and the
slow-roll inflationary phase can not be obtained. See the
bottom panels of Figs. 5 and 6.
In Tables IV and V, we display the initial values of φB
that provide the desired slow-roll inflation, from which
one can see that, for the successful inflation at least 60
e-folds are needed and to obtain this, the values of φB
should be in the range of
φB
mPl
∈ (−0.38,+∞)→ Ninf & 60 for φ˙B > 0,
φB
mPl
∈ (3.15,+∞)→ Ninf & 60 for φ˙B < 0, (32)
within which, Tables IV and V exhibit that Ninf grows
as φB increases.
Next, we work with α = 5m2Pl and c = 4.9× 10−5mPl
[Eq.(19)]. In this case, φmin ' −25.65mPl. We numer-
ically search the entire range of φB , and find the initial
values that can lead to the slow-roll inflation. Here, KED
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FIG. 10: In this figure it is plotted for α−model with n = 2 (20) and φ˙B > 0. Only top (KED, except a subset) panels gives
rise to a slow-roll inflation, while the middle (a subset of KED) and bottom (PED case) panels do not. We use α = 0.5m2Pl,
c = 2.9× 10−4mPl, and mPl = 1.
(PED) evolution has large (small) range and given by
(see, Table II),
φB
mPl
∈ (−24.70,−3.11) ∪ (−1.4,+∞)→ KED (SR),
−3.1 ≤ φB < −1.4→ subset of KED (NSR),
φB
mPl
= −24.71→ KED=PED (SR),
φB
mPl
∈ (φmin,−24.72)→ PED (SR), (33)
for φ˙B > 0, and
φB
mPl
∈ (−24.69, 1.4) ∪ (3,+∞)→ KED (SR),
1.4 < φB < 3→ subset of KED (NSR),
φB
mPl
= −24.7→ KED=PED (SR),
φB
mPl
∈ (φmin,−24.71)→ PED (SR) (34)
for φ˙B < 0.
We show the results of the background evolution for
KED and PED initial conditions in Figs. 7 and 8, with
φ˙B > 0 and φ˙B < 0, respectively. In both figures, we
show the evolutions of a(t), w(φ) and H for the same
set of initial values of φB . In the bouncing phase, the
numerical evolution of a(t) is compatible with the an-
alytical solution (12) in the case of KED initial condi-
tions whereas such a universality disappears in the PED
case. From the evolution of w(φ), we obtain three dif-
ferent phases, namely bouncing, transition and slow-roll
inflation in the KED case, while in the PED case the
bouncing and transition phases no longer exist, though
the slow-roll inflation can still be achieved.
In this case, the entire range of φB (except for a small
subset of KED) lead to the slow-roll inflation as shown
in Table II. However, this is not possible in the case of
α = 0.1m2Pl and the Starobinsky model [33, 48, 49] where
the PED and a subset of KED initial conditions do not
provide the slow-roll inflation.
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FIG. 11: This figure is similar to Fig. 10 but with φ˙B < 0.
In Tables IV and V, we present the initial values of φB
that lead to the slow-roll inflation, from which one can
clearly see that, in order to get at least 60 e-folds during
the slow-roll inflation, one has to require
φB
mPl
∈ (φmin,−5.35) ∪ (0.76,+∞),
→ Ninf & 60, (35)
for φ˙B > 0, and
φB
mPl
∈ (φmin,−2.2) ∪ (4.42,+∞),
→ Ninf & 60 (36)
for φ˙B < 0. In the above ranges, Ninf grows as φB
increases.
Finally, we compare the numerical evolutions of the
KE and the PE, which are shown in Fig. 9. Left panels
(top and bottom) correspond to KED case at the bounce.
Initially KE dominates and PE sub-dominates. As the
evolution arrives in the transition phase both the ener-
gies become comparable. Soon PE becomes dominant,
whereby a slow-roll inflation is resulted. Middle pan-
els (top and bottom) are displayed for a subset of KED
initial conditions where the slow-roll inflation cannot be
obtained as the PE remains sub-dominant. Right pan-
els (top and bottom) is for the PED case. In top right
(α = 0.1m2Pl), the slow-roll inflation is not possible as the
PE remains sub-dominant throughout the whole evolu-
tion, while the bottom right (α = 5m2Pl) provides the
slow-roll inflation.
It is remarkable to note that the E−model with small
values of α (like α = 0.1m2Pl etc.) does not provide a
slow-roll inflation for the entire range of φB . More pre-
ciously, PED and a subset of KED initial conditions do
not lead to the slow-roll inflation. Though, a large range
of KED initial values give rise to the slow-roll inflation.
Such results are consistent with the Starobinsky model
[33, 48, 49]. However, when the E − model has large
values of α (like α = 5m2Pl), the whole range of initial
values of φB (except a subset of KED initial conditions)
produces the slow-roll inflation phase.
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FIG. 12: This figure shows the numerical evolution of a(t), w(φ) and H for α−model with n = 2 (20) and φ˙B > 0. Top
(slow-roll inflation) and middle (no slow-roll inflation) panels demonstrate the evolution of KED and a subset of KED initial
conditions whereas bottom (slow-roll inflation) ones are for PED. Here, we take α = 5m2Pl, c = 9.4× 10−5mPl, and mPl = 1.
C. α−attractor model with n = 2
We now turn to consider the α-attractor model with
n = 2 [Eq.(20)]. The evolution of potential (20) is shown
in Fig. 1. Similar to E − model, the potential (20) is
bounded below by zero (V (φ) ≥ 0), and gives finite value
V (φ) ' 2.8 × 10−9m4Pl (for α = 5m2Pl) at φ → +∞,
whereas it shows divergence at φ → −∞. Therefore,
this is an asymmetric potential. In LQC, the maximum
energy density is ρc that constrains the initial values of
φB as (φmin,∞), and φmin is given as
φmin '
√
6α arctan h
[√
µ2 − 1− µ
]
' −4.08mPl for α = 0.5m2Pl,
' −12.88mPl for α = 5m2Pl, (37)
where
µ = 1−
√
αc2
4ρc
. (38)
Let us solve the background equations (1) and (3) with
(20) numerically for α = 0.5m2Pl and c = 2.9× 10−4mPl.
In this case, φmin ' −4.08mPl. Similar to the T− and
E − models, the initial conditions are divided into two
sub-classes; KED and PED, see Table II, and is given by
φB
mPl
∈ (−1.39,+∞)→ KED (SR),
−3.93 < φB ≤ −1.4→ subset of KED (NSR),
φB
mPl
= −3.93→ KED=PED (NSR),
φB
mPl
∈ (φmin,−3.94)→ PED (NSR), (39)
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FIG. 13: This figure is same as Fig. 12 but for φ˙B < 0.
for φ˙B > 0, and
φB
mPl
∈ (2.4,+∞)→ KED (SR),
−3.92 < φB < 2.4→ subset of KED (NSR),
φB
mPl
= −3.92→ KED=PED (NSR),
φB
mPl
∈ (φmin,−3.93)→ PED (NSR), (40)
for φ˙B < 0, where φmin is given by Eq.(37). The nu-
merical results are illustrated in Figs. 10 and 11 for a
set of KED and PED initial conditions with φ˙B > 0 and
φ˙B < 0, respectively. The explanation of these figures
is quite similar to the case of E −model. Therefore, we
shall not repeat again. Here, we shall discuss the rest
of results for the model (20). In Tables VI and VII, we
demonstrate the different inflationary parameters. Look-
ing at both tables, the range of φB that is restricted to
produce enough e−folds for the desired slow-roll infla-
tion, is given by
φB
mPl
∈ (−0.3,+∞)→ Ninf & 60 for φ˙B > 0,
φB
mPl
∈ (3.23,+∞)→ Ninf & 60 for φ˙B < 0, (41)
within which, one can infer that the number of e−folds
grows as the values of φB increase as shown in Tables VI
and VII.
In the case of α = 5m2Pl and c = 9.4 × 10−5mPl, the
numerical results are displayed in Figs. 12 and 13. The
range of φB is given as follows (see Table II):
φB
mPl
∈ (−12.4,−3.4) ∪ (−1.4,+∞)→ KED (SR),
−3.4 < φB < −1.4→ subset of KED (NSR),
φB
mPl
= −12.41→ KED=PED (SR),
φB
mPl
∈ (φmin,−12.42)→ PED (SR), (42)
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FIG. 14: This figure is displayed for α−attractor with n = 2 and φ˙B > 0. Top panels are plotted for α = 0.5m2Pl with
φB = −0.1mPl (left), −2 (middle) and −4 (right) whereas bottom ones are for α = 5m2Pl with φB = 0.1mPl (left), −2 (middle)
and −12.6 (right). The rest is the same as in Fig. 9.
for φ˙B > 0, and
φB
mPl
∈ (−12.39, 1) ∪ (2.7,+∞)→ KED (SR),
1 < φB < 2.7→ subset of KED (NSR),
φB
mPl
= −12.4→ KED=PED (SR),
φB
mPl
∈ (φmin,−12.41)→ PED (SR), (43)
for φ˙B < 0, where φmin is given by Eq.(37). To ob-
tain enough e−folds for the desired slow-roll inflarion,
the range of φB requires as (see Tables VI and VII):
φB
mPl
∈ (φmin,−6) ∪ (0.45,+∞),
→ Ninf & 60 for φ˙B > 0,
φB
mPl
∈ (φmin,−3.6) ∪ (4.04,+∞),
→ Ninf & 60 for φ˙B < 0. (44)
In the above range, Ninf grows as the absolute value of
φB increases that are displayed in Tables VI and VII.
Finally, we show the numerical evolutions of KE and
PE in Fig. 14. The explanation of this figure is similar
to Fig. 9 of E −model.
IV. PHASE SPACE ANALYSIS AND THE
DESIRED SLOW-ROLL INFLATION
In this section, we study the phase space analysis
for the models considered in the last sections. Let us
first examine the symmetric T −model with two differ-
ent values of α. In the case of α = 10m2Pl, the range
of initial conditions having slow-roll/no slow-roll infla-
tion, and consistent with observations are presented in
Eqs.(22), (23) and (24). Fig. 15 exhibits the evolu-
tion of few trajectories in (φ/mPl, φ˙/m
2
Pl) plane start-
ing from the quantum bounce (boundary curve without
arrows). As mentioned in the subsection III A, the ini-
tial data surface is not compressed: |φ˙B | < 0.91m2Pl
and φB → ±∞. The dashed (blue) trajectories demon-
strate the non-inflationary phase, while the solid (blue)
ones show the inflationary phase but do not lead to the
desired slow-roll inflation as they do not produce suf-
ficient e−folds. Only red trajectories exhibit the de-
sired slow-roll inflation which are compatible with ob-
servations. Similarly, dashed and solid (blue) parts of
the initial surface correspond to non-inflationary and a
subset of inflationary phase that is not consistent with
observations, whereas red part is compatible with ob-
servations. One can clearly see that the region of the
non-inflationary phase and the part which does not pro-
vide the desired slow-roll inflation are almost negligible
in comparison with the whole initial phase. Thus, a sub-
stantial fraction of the initial conditions generate a de-
sired slow-roll inflation. For α = 1010m2Pl, the range
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TABLE VI: Table for α−attractor model with n = 2 [Eq.(20)]. Different inflationary parameters are shown for φ˙B > 0.
α φB Inflation t/tpl  w Ninf r
c
w/rw w
B
0.5 −0.4 begin 2.66349× 103 0.99 −1/3
slow-roll 1.10693× 104 1.4× 10−4 −1 46.84 rcw > rw > 0
end 3.592× 105 1.0 −1/3
−0.3 begin 2.63635× 103 0.99 −1/3
slow-roll 1.15044× 104 1.9× 10−4 −1 60.52 rcw = rw > 0
end 4.535× 105 0.99 −1/3
−0.1 begin 2.59876× 103 0.99 −1/3
slow-roll 1.24129× 104 2.0× 10−4 −1 99.85 rcw < rw > 0
end 7.217× 105 0.99 −1/3
0.1 begin 2.57597× 103 0.99 −1/3
slow-roll 1.33583× 104 2.1× 10−4 −1 163.90 rcw < rw > 0
end 1.20567× 106 0.99 −1/3
5 −12.6 begin 0.22 4.41 −1/3
slow-roll 2.72126× 102 4.1× 10−2 −0.971 183.29 rcw < rw < 0
end 1.31× 105 0.99 −1/3
−6.5 begin 48.135 0.99 −1/3
slow-roll 4.86753× 102 4.4× 10−2 −0.970 70.13 rcw < rw > 0
end 1.284× 105 1.0 −1/3
−6 begin 73.68 0.99 −1/3
slow-roll 7.11715× 102 4.5× 10−2 −0.969 60.56 rcw = rw > 0
end 1.268× 105 0.99 −1/3
−5.5 begin 1.13474× 102 0.99 −1/3
slow-roll 1.04352× 103 4.7× 10−2 −0.968 51.10 rcw > rw > 0
end 1.245× 105 0.99 −1/3
0.1 begin 3.3795× 103 0.99 −1/3
slow-roll 1.16382× 104 2.3× 10−4 −1 39.39 rcw > rw > 0
end 4.615× 105 0.99 −1/3
0.45 begin 3.13922× 103 1.0 −1/3
slow-roll 1.16529× 104 1.5× 10−4 −1 60.23 rcw = rw > 0
end 6.36× 105 1.0 −1/3
0.7 begin 3.0145× 103 0.99 −1/3
slow-roll 1.17477× 104 7.9× 10−6 −1 79.72 rcw < rw > 0
end 7.91× 105 1.0 −1/3
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TABLE VII: This table designates the α−attractor model with n = 2 [Eq.(20)] for φ˙B < 0.
α φB Inflation t/tpl  w Ninf r
c
w/rw w
B
0.5 3.1 begin 2.64113× 103 0.99 −1/3
slow-roll 2.49628× 104 1.4× 10−3 −0.999 43.04 rcw > rw > 0
end 3.327× 105 1.0 −1/3
3.23 begin 2.61291× 103 0.99 −1/3
slow-roll 2.51853× 104 7.6× 10−5 −0.999 60.66 rcw = rw > 0
end 4.544× 105 0.99 −1/3
3.3 begin 2.60143× 103 0.99 −1/3
slow-roll 4.06202× 104 1.8× 10−3 −0.999 72.67 rcw < rw > 0
end 5.367× 105 1.0 −1/3
3.5 begin 2.57631× 103 0.99 −1/3
slow-roll 3.62962× 104 1.5× 10−3 −0.999 120.25 rcw < rw > 0
end 8.598× 105 1.0 −1/3
5 −12.6 begin 0.3 1.9 −0.804
slow-roll 0.666 1.0× 10−4 −1 186.30 rcw < rw < 0
end 1.312× 105 0.99 −1/3
−5 begin 32.08 0.99 −1/3
slow-roll 82.95 1.2× 10−5 −1 81.34 rcw < rw > 0
end 1.294× 105 0.99 −1/3
−3.6 begin 81.36 0.99 −1/3
slow-roll 2.0934× 102 4.3× 10−6 −1 60.28 rcw = rw > 0
end 1.266× 105 0.99 −1/3
−3 begin 1.2204× 102 0.99 −1/3
slow-roll 3.12689× 102 1.0× 10−5 −1 51.42 rcw > rw > 0
end 1.246× 105 0.99 −1/3
3.8 begin 3.218× 103 0.99 −1/3
slow-roll 2.58609× 104 4.0× 10−3 −0.997 44.70 rcw > rw > 0
end 5.068× 105 0.99 −1/3
4.04 begin 3.07306× 103 1.0 −1/3
slow-roll 2.80442× 104 2.3× 10−3 −0.998 60.65 rcw = rw > 0
end 6.39× 105 0.99 −1/3
4.2 begin 2.99612× 103 0.99 −1/3
slow-roll 3.12867× 104 1.3× 10−3 −0.998 73.38 rcw < rw > 0
end 7.41× 105 1.0 −1/3
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FIG. 15: This figure represents the phase portraits of T −model in (φ/mPl, φ˙/m2Pl) plane. All trajectories (with arrowheads)
begin at the bounce at which we have ρ = ρc (boundary curve without arrowheads). This surface extends as φ → ±∞ (left,
α = 10m2Pl) and φ→ ±φmax (right, α = 1010m2Pl, see Eq.(26)), but here we exhibit only a small portion of it. The solid curves
(red and blue) provide the slow-roll inflation, which are consistent with observations only by the red ones, and the dashed
(blue) curves denotes the non-inflationary phase.
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FIG. 16: This figure shows the phase space trajectories of E − model in (φ/mPl, φ˙/m2Pl) plane. All trajectories (with
arrowheads) start at the bounce that corresponds to ρ = ρc (boundary curve without arrowheads). This initial surface extends
from φ = −φmin to ∞ (left, α = 0.1m2Pl) and (right, α = 5m2Pl, see Eq.(29)), but here we display only a part of it. The red
curves provide the desired slow-roll inflation, whereas the blue (solid) ones do not. The dashed (blue) curves represent the case
without inflation. Since the figure extends from all the way to ∞, the fractions of blue (dashed and solid) curves are extremely
small in comparison with the red ones. Hence, one concludes that the existence of the slow-roll inflation is almost unavoidable.
of initial conditions that are compatible with observa-
tions or not are presented in Eqs.(25), (27) and (28), and
the phase portrait is shown in Fig. 15. In this case,
the initial data surface is compact: |φ˙B | < 0.91m2Pl and
φB → ±2.56×105mPl [see Eq.(26)]. The rest is the same
as in the case of α = 10m2Pl. Note that, a small portion
of the full initial conditions are shown in Fig. 15.
Next, we carry out the phase analysis for E −model
with α = 0.1m2Pl and 5m
2
Pl. The phase portraits are
shown in Fig. 16. Let us first consider α = 0.1m2Pl.
In this case, the initial surface is semi compact: |φ˙B | <
0.91m2Pl and φB ∈ (−3.64,∞). Fig. 16 shows that the
trajectories starting from the bounce represent the slow-
roll (red ones correspond to enough e−folds that are con-
sistent with observations while solid blue ones are not)
and without slow-roll inflation (dashed blue). Here, PED
and a subset of KED initial conditions do not lead to the
slow-roll inflation (blue; dashed and solid lines), while
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FIG. 17: This figure exhibits the phase portraits for α = 0.5m2Pl (left) and α = 5m
2
Pl (right), and similar to Fig. 16, but for
α−attractor model with n = 2.
KED initial values (except a small subset) provide (red).
In a similar way, the dashed and solid (blue) parts of
the bounce (boundary curve) display the region of non-
inflationary and inflationary phases (not compatible with
observations), and the red part denotes the desired slow-
roll inflation phase that is consistent with observations.
The range of initial conditions are presented in Eqs.(30),
(31) and (32). Second, we take α = 5m2Pl, here also the
bounce surface is semi compact: |φ˙B | < 0.91m2Pl and
φB ∈ (−25.65,∞). The rest is the same as in the case
of α = 0.1m2Pl except PED initial conditions. Here, one
can obtain the desired slow-roll inflation with the KED
(except a subset) and the PED initial values. However,
it is not possible for the α = 0.1m2Pl case. The range
of initial conditions is shown in Eqs.(33), (34), (35) and
(36). Notice that, a small portion of the whole initial
conditions is displayed in Fig. 16.
Finally, we investigate the α−attractor model with
n = 2. The phase portraits are presented in Fig. 17
for α = 0.5m2Pl (left) and α = 5m
2
Pl (right). In this case,
the bouncing phase is also semi-finite: |φ˙B | < 0.91m2Pl;
φB ∈ (−4.08,∞) for α = 0.5m2Pl and φB ∈ (−12.88,∞)
for α = 5m2Pl. Similar to E −model, here also one value
of α leads to the desired slow-roll inflation for both KED
and PED initial conditions whereas it is not feasible for
another value. In Fig. 17, only a small part of initial
values is shown. However, the entire range of initial con-
ditions is given by Eqs.(39)−(44).
V. COMPARISON WITH THE POWER-LAW
AND THE STAROBINSKY POTENTIALS
In the literature, a large number of inflationary mod-
els have been studied that can be consistent with obser-
vations. In the case of a single field inflation, Planck
2015 results demonstrate that the quadratic potential is
not favored compared to the power-law [V (φ) ∝ φn with
n < 2], the Starobinsky and α−attractor models [14].
Therefore, in this section, we shall compare our results
with these known models [33, 47].
Let us first consider the results of the T − model
with the power-law and Starobinsky potentials. In the
case of power-law potential, both KED and PED initial
conditions produce the desired slow-roll inflation, and
are consistent with observations in terms of the num-
ber of e−folds [47]. In the case of T − model (with
α = 1010m2Pl), there is a small subset of KED initial
conditions that does not generate the slow-roll inflation,
and in terms of the number of e−folds, both KED (except
for a very small subset) and PED initial values are consis-
tent with observations, while the Starobinsky potential
is observationally compatible only for KED (except for
a very small subset) initial values and not for PED ones
[33].
Next, we consider the results of the E − model with
the power-law and Starobinsky potentials. In the case
of power-law potential, both KED and PED initial con-
ditions are compatible with observations, whereas the
Starobinsky inflation is consistent only for KED ones. In
the case of E−model, there is a subset of KED initial val-
ues that corresponds to the non-inflationary phase. For
α = 0.1m2Pl, our results are consistent with the Starobin-
sky model as both models (Starobinsky and E −model
with α = 0.1m2Pl) lead to the desired slow-roll inflation-
ary phase only for KED (except for a very small sub-
set) initial values and not for PED ones. However, if
we consider large values of α (say α = 5m2Pl), the sce-
nario will be different as in this case both KED (except
a very small subset) and PED initial conditions lead to
the desired slow-roll inflation and consistent with present
observations in terms of the number of e−folds.
Finally, we consider the obtained results of
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α−attractor model with n = 2. Similar to E − model,
here also the α−model with n = 2 is consistent with
the Starobinsky model for small values of α (say
α = 0.5m2Pl), but for large values of α (say α = 5m
2
Pl),
both KED (except for a small subset) and PED initial
values provide the desired slow-roll inflation, and com-
patible with the current observations as they all produce
enough e−folds.
VI. CONCLUSIONS
In the context of LQC, in this paper we have system-
atically investigated the preinflationary dynamics of the
T , E −models and α−attractor with n = 2 for various
cases (PIV and NIV, also KED and PED). Our analy-
sis bears resemblance with the study of the scalar field
dynamics for the α−attractor effective potential on RS
brane with time like extra dimension [77]. We have cho-
sen these models as they are favored by the Planck 2015
data [14].
In particular, we have first performed the detailed nu-
merical analysis of the background evolution of the uni-
verse for T −model with α = 10m2Pl and 1010m2Pl. Due
to the symmetry of T − model potential, we have cho-
sen only PIV at the quantum bounce. Further, initial
conditions are divided into the KED and PED cases at
the bounce. In the case of α = 10m2Pl, we have only
KED initial conditions during the entire bouncing phase.
However, to obtain both KED and PED initial values at
the bounce, α should be very large (say α = 1010m2Pl).
The numerical results for T −model are shown in Figs.
2 and 3, in which the scale factor a(t), EoS w(φ) and
slow-roll parameter H are shown for the same set of ini-
tial values of φB . In the evolution of w(φ) and H , we
have obtained inflationary and non-inflationary phases
for the KED case. This implies that a small subset ex-
ists in which it does not give inflation, see Figs. 2, 3
and Table II. In the case of KED initial conditions (ex-
cept for a very small a subset), the universe is always
divided into three distinct phases prior to the reheating:
bouncing, transition and the slow-roll inflation. In the
bouncing phase, the evolution of the background is inde-
pendent not only of the wide ranges of initial values but
also of the potentials. Specially, the numerical evolution
of the expansion factor a(t) has shown the universal fea-
ture and well approximated by the analytical solution
(12), see upper panels of Fig. 3. During this phase, the
EoS stays pegged at unity, w(φ) ' +1. Though, in the
transition phase, it decreases quickly from w(φ) ' +1
to w(φ) ' −1. The span of the transition phase is very
short in comparison with other two phases. Afterwards,
the universe enters the slow-roll inflationary phase, where
H is large initially, but soon decreases to almost zero,
by which the slow-roll inflation starts, as exhibited in the
upper panels of Fig. 3. During the slow-roll inflation, we
also obtained the number of e-folds that is displayed in
Table III. In the case of PED initial values, the univer-
sality of the scale factor a(t) is lost, and the bouncing
phase no longer exists. However, the slow-roll inflation
can still be acquired for a long period, and correspond-
ingly one can obtain a large number of e-folds, as shown
in the bottom panels of Fig. 3 and Table III.
Next, we have investigated the evolution of the back-
ground for E −model with α = 0.1m2Pl and 5m2Pl. This
model is not symmetric. Therefore, we have examined
both PIV and NIV: the numerical evolution of the back-
ground is divided into the form of KED and PED initial
conditions at the bounce. In LQC, the total energy den-
sity can not be larger than ρc. We have found that the
KED evolution has a large range of φB than the PED
ones, see Table II. The numerical evolutions of a(t), w(φ)
and H for E − model with α = 0.1m2Pl and 5m2Pl are
shown in Figs. 5, 6, 7 and 8. In the case of α = 0.1m2Pl,
the entire range of φB does not give rise to the slow-roll
inflation. In other words, a large range of KED (except a
small subset) initial conditions provide the slow-roll infla-
tion whereas a small subset of KED and the whole range
of PED initial conditions do not. Similar results for the
Starobinsky model were shown in [33]. Although, in the
case of α = 5m2Pl, both KED (except a small subset) and
PED initial values provide slow-roll inflation as shown in
Figs. 7, 8 and Table II. We have also found the number
of e-folds which is exhibited in Table IV and V.
Then, we have considered the background evolution
of the α−attractor model with n = 2 for α = 0.5m2Pl
and 5m2Pl. This model is also asymmetric, and the total
energy density can not exceed ρc. The numerical results
are shown in Figs. 10, 11, 12 and 13. Similar to the E −
model, here also, for small values of α (say α = 0.5m2Pl ),
we do not get slow-roll inflation for a small subset of KED
and the entire range of PED initial conditions, while a
large range of KED initial values produces the slow-roll
inflation. Though, for large values of α (say α = 5m2Pl
), both KED (except a small subset) and PED initial
values are capable to produce the slow-roll inflationary
phase. We have also obtained Ninf ’s that are displayed
in Tables VI and VII. Looking at both tables, physically
viable initial conditions are identified that are consistent
with the Planck data [14].
Finally, we have presented the phase space analysis for
the above three models. For T −model with α = 10m2Pl,
the quantum bounce is not compact: |φ˙B | < 0.91m2Pl
and φB → ±∞ whereas for α = 1010m2Pl, it is com-
pact: |φ˙B | < 0.91m2Pl and φB → ±2.56 × 105mPl. In
the case of E − model and α−attractor with n = 2,
the initial surface is semi-finite: for E − model with
α = 0.1m2Pl and α = 5m
2
Pl, it is |φ˙B | < 0.91m2Pl;
φB ∈ (−3.64,∞) and φB ∈ (−25.65,∞), respectively,
while for α−attractor with n = 2, this is given as
|φ˙B | < 0.91m2Pl; φB ∈ (−4.08,∞) for α = 0.5m2Pl and
φB ∈ (−12.88,∞) for α = 5m2Pl. The phase portraits
for these models are shown in Figs. 15, 16 and 17, where
dashed blue curves correspond to the cases without slow-
roll inflationary phase and solid curves (red and blue)
provide slow-roll inflation. However, only the red curves
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are observationally consistent with the Planck 2015 data,
not the blue ones [14].
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Appendix A: Some Physical Quantities
From Eq.(10), one finds
Ninf '
∫ φ∗
φend
V (φ)
V ′(φ)
dφ, (A.1)
where φ∗ and φend are the values of the inflaton field at
the onset and end of the slow-roll inflation.
The slow-roll parameter V is defined as
V =
M2Pl
2
(
V ′(φ)
V (φ)
)2
, (A.2)
where MPl = mPl/
√
8pi. At the end of the slow-roll infla-
tion, V = 1. Hence, one can obtain φend from Eq.(A.2).
During the slow-roll inflation, φ˙2  V (φ) then Eq.(1)
becomes
H∗2 ' 8pi
3m2Pl
V (φ∗). (A.3)
The upper bound on H∗ during the slow-roll inflation is
given by [14]
H∗
MPl
< 3.6× 10−5 (95 % Confidence level). (A.4)
In our analysis, we shall use H∗/MPl = 3.0 × 10−5.
Putting the value of H∗/MPl in Eq.(A.3), one can get
φ∗.
Substituting the values of φ∗ and φend with Ninf =
60 in Eq.(A.1), we obtain the values of α and c for T ,
E −models and α−attractor model with n = 2.
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